A new method for solving optimal tracking control of linear quadratic time-varying systems with multiple time delays in state and input variables and with combined constraints is presented in this paper. By using the relations of Chebyshev wavelets, we simulate the optimal tracking problem to a static optimization one. This alternative method is applied on different optimal tracking systems and simulation results demonstrate the effectiveness of the proposed method.
Introduction
As we all know, a time-delay is a common phenomenon in engineering problems, and it is usually the main source of performance degradation in various control systems. The mathematical simulation of a time-delay system leads to a system of differential equations of delayed (retarded) type [1] . One class of these equations, the integro-differential equations, was first studied by Volterra who developed his theories for them and investigated time delay phenomena in various systems [2] . The optimal control of linear quadratic time-varying systems with delays has been considered in many research works, see [2] , [3] and the references therein. In optimal control problems, when we try to keep the output or state near a desired output or state, we are dealing with tracking problems. We find that in both state and output time-delay or regulator systems, the desired (reference) state and input is zero and in time-delay or regulator tracking system the error is to be made zero [4] . Optimal time-delay tracking control as a combination of time-delay optimal control and tracking control, aims at finding the optimal control law to minimize the given performance index function to make the system output track the reference signal in an optimal way and it has been a goal pursued in many areas. The tracking system is widely used in aerospace and mechanical systems, robot control, flight and spacecraft systems, etc. For example, consider an antenna control system to track an aircraft.
Most previous studies which have been done to solve the optimal time-delay tracking control problem, used discrete-time strategies. Ref. [14] presented an iterative method by using discretization to find the suboptimal control of a linear quadratic time-varying system with multiple delays. [15] presented a discretization approach by using the Newton center interpolation formula and the linear interpolation techniques for systems with multiple discrete and distributed time delays. In [16] an optimal tracking controller for discrete time-delay systems based on a sensitivity approximation approach is designed in which the problem is transformed into a series of difference equations without time-advance on delayed terms. [17] proposed a suboptimal tracking method which obtained by finite iterations of a solution of N two-point boundary value problems (TPBVPs); for continuous-time control systems it provides good methodology but obtaining the solutions of these TPBVPs is difficult. In [19] by applying an approximation approach of differential equations, TPBVP derived from the optimal tracking control problem is transformed into a sequence of linear TPBVPs without delays. Ref. [20] used a discrete-time strategy to design an optimal controller for multiple-input and multiple-output (MIMO) continuous time systems with multiple delays in states, inputs and outputs which the Chebyshev quadrature formula together with a linear interpolation method was employed to get an extended discrete-time model from the continuous-time multiple time-delays system. [22] converted a continuous-time input-state delayed system into an equivalent discrete-time input-state delayed model and its extended discrete-time delay-free model. A discrete-time methodology has notable disadvantages. For example, the discretized system is described by using the extended high-order state-space equation. The dimensions of the state-space description become significantly large when the sample period is extremely small compared to the time-delay. Computational difficulties with the discrete-time strategy occur in the algorithm, and the case we have to impose some constraints to the system.
In this paper we introduce an alternative numerical method to solve constrained linear quadratic time-delay tracking optimal control systems. By choosing a parameterization method we convert the original problem to a static optimization one. This state and control parameterization method is based on Chebyshev wavelets which consist of Chebyshev polynomials of the first kind [5, 6] . The main motivations and contributions of the present research are summarized as A continuous-time accurate model of the optimal tracking control of linear quadratic time-varying systems with multiple delays is obtained. A major advantage of continuous-time models is that they avoid dependence on a particular timescale. Moreover, many standard numerical procedures are available to solve the simulated model.
In the optimal tracking control, we would like on one hand, to keep the error small, but on the other hand, we must not pay higher cost to large inputs; hence, we have to try various values of the weighting matrices. From this fact, we conclude that we need a method provides good tracking in which with no concern about the algorithm of the solution we can change these matrices.
Physical considerations imply that some constraints should be imposed on the optimal tracking control systems and unconstrained systems are less involved. An efficient method for solving a time-delay optimal tracking control problem should easily be able to resolve the problem in the cases we have to impose constraints to the system. The proposed method should have a good future and a high degree of flexibility. For example, it is possible that in the state equation, there is an inverse time term like x(t f − t) and the method is capable of executing in this case.
A method is presented that guarantees intersample constraint satisfaction and can be easily used to solve the optimal tracking problem in situations where there are multiple delays or no delays (LQT systems), the plant matrices are time-varying and/or constants.
To handle final conditions and intersample constraints, the method can incorporate them directly into the model of the problem and unlike the other method we need no separate operations of applying these constraints to the obtained solutions.
An optimal tracker is presented which can be applied to a time-delay system regardless of the system stability, minimum phase properties, the dimension of the system, equal number of input and output and the types of desired states and initial functions.
The rest of the paper is organized as follows. In Section 2, we describe the basic formulation of the Chebyshev wavelets required for converting the problem. Section 3 is devoted to the application of state-control parameterization via wavelets on the linear tracking delay system. Several numerical examples are simulated in section 4.
Some remarks on notation
The transpose of a matrix O is written O . 0 and I denote the zero and identity matrices, respectively. The operator blkdiag denotes block diagonal concatenation of matrices. ⊗ denotes Kronecker product. Kronecker product of a matrix O and the identity matrix I q is denoted byÔ, Kronecker product of O and I r is denoted byǑ, that is,Ô = O ⊗ I q ,Ǒ = O ⊗ I r . * indicates optimal condition. C[0, t f ] denotes real-valued continuous functions on the closed interval [0, t f ].
Preliminaries

Chebyshev wavelets
Chebyshev polynomials of the first kind of order m, T m (x) are solution of the differential equation
and form an orthogonal set on the interval [−1, 1] with respect to the weight function w(x) = (1 − x 2 ) −1/2 . The two useful relations for these polynomials are
Chebyshev wavelets of the first kind are defined on [0, 1] as
where
and form an orthogonal basis with respect to the weight function w n (t), where w n (t) = w(2 k t − 2n + 1).
We can expand a function f (t) in a series of Chebyshev wavelets by
where f and Ψ(t) are 1 × 2 k−1 M and 2 k−1 M × 1 matrices and
The coefficients of Chebyshev scaling functions can be approximated as follows [9] Proof. For m ≥ 2 according to eq. (7) we get
where integration by parts was used twice in this evaluation. Therefore for some ε ∈ [0, 1] we find
For m = 1, from (7) by employing integration by parts we simply have
So that
Then by choosing t 0 ∈ [0, 1] we can write f (t) = f (t 0 ) +
Assuming |f (t)| ≤ ρ 1 yields immediately
For m = 0 by the similar procedure as explained above, it is easy to verify that f (t) is bounded; let us assume here that |f (t)| ≤ ρ 0 . Hence by (7) we find
we can then write
, m ≥ 2.
Now from (2) we deduce f (t) is in the form of a piecewise-defined function which we have f (t) = f n (t) on each subinterval n−1 
The operational matrix of integration for Chebyshev wavelets
The integration of the Chebyshev wavelet vector defined in eq. (6) on [0, t] can be obtained as
The matrix P is called 2 k−1 M × 2 k−1 M Chebyshev wavelets operational matrix of integration. It follows from (6) that
We conclude from (2) that when t < n /2 k−1 , the integral is a function of the time in which the integrand defined, so it should be expanded by the wavelets of the current subinterval; when t = n /2 k−1 , this definite integral should be expanded on all subsequent subintervals. Hence by setting t n = 2 k t − 2n + 1, we can write
where L and E are M × M matrices and are in the forms (m ≥ 2)
The integration matrix of the product of Chebyshev wavelets on [0, 1]
To transform the performance index into a quadratic form, we have to find an integration matrix of the product of two Chebyshev scaling function vectors on [0, 1], so we introduce
C is obtained by integrating the elements of Ψ(t)Ψ (t) from 0 to 1 and by using the compact support property of the wavelets: ∀n n , ψ nm (t)ψ n m (t) = 0, where
where ∀m, m ≥ 2
So we substitute cos θ = 2 k t − 2n + 1. From definition of these wavelets we can identify C 1 = C 2 = · · · = C 2 k−1 , hence C is symmetric. In general, we find
When m + m is even, we get
where for
The product operational matrix of Chebyshev wavelets
The useful property of the product of two Chebyshev wavelets vectors is
wheref is called the 2 k−1 M × 2 k−1 M product operational matrix. As we see in the previous section, for n n we have ψ nm (t)ψ n m (t) = 0, thus
If m m and m, m 0, by (1) we see that
and when m + m ≥ M then ψ n m+m (t) is not defind and hence
If m = m we obtain
By applying these relations to the product Ψ(t)Ψ (t), also assuming that 2 < ς < M − 2, ς ∈ N, we get
When M is even, M −1 is odd and we have 2ς = M −2.
, where a, b = 1, 2, . . . , 2 k−1 M, then by using the elements of the matrices Ω n and equating coefficients of same Chebyshev wavelets, the matrixf takes the form
where by setting
we havẽ
and for different values of M, we take
We use some approximations in above lines; it is clear that a necessary condition for the error of these approximations to become very small is that we use large M. Also when f (t) is a polynomial function of degree n, we must take M ≥ n + 2; when we have other types such that an exponential function, a trigonometric function, ... we have to use large M.
The delay operational matrix of Chebyshev wavelets
The delay Chebyshev scaling function Ψ(t − h v ) is the shifted function of Ψ(t) and it is given by
It follows from the discussion in [9] that by assuming n v = 2 k−1 h v , where n v ∈ N, we can write
Thus we conclude that the
3 Simulation of the optimal tracking problem Consider a linear time-varying system with multiple time delays described bẏ
and a quadratic performance index as
where x(t) and u(t) are q-and r-dimensional state and control vectors, respectively, A(t), A µ (t), µ = 1, 2, . . . , V , B(t) and B ν (t), ν = 1, 2, . . . , W are piecewise-continuous matrices of compatible dimensions, h µ and h ν denote time delays, h x and h u are the supremes of h µ and h ν , respectively, f(t) is a q-dimensional initial state vector function, g(t) is an r-dimensional initial control vector function, x 0 is an initial condition vector, Q is a positive semi-definite matrix, R is a positive definite matrix and r(t) is a q-dimensional desired or reference state vector. The main purpose of the matrix T is to ensure that the error at the terminal time is as small as possible. So, this matrix should be positive semi-definite. Our objective is to control this system in such a way that the state x(t) tracks the desired state r(t) as close as possible during the time interval [0, t f ]. The optimal tracking problem is to find u * (t), x * (t) and J * for the time-delay system (17)- (19) such that the performance index in (20) is minimized. First we must change the range of the independent variable t such that 0 ≤ t ≤ 1; assume τ = t/t f . This implies that for the new independent variable τ ∈ [0, 1] the state equation given by eq. (17) has to be changed by an additional factor t f that arises from the chain rule as for t = τ.t f , the terminal time t f represents the deriviative of the interior, that is,
Also we take τ µ = h µ /t f , τ ν = h ν /t f , n µ = 2 k−1 τ µ and n ν = 2 k−1 τ ν . Let us define a new state vector as
We parameterize this new state and the control vectors as follows
whereX and U are 2 k−1 qM × 1 and 2 k−1 rM × 1 column vectors of unknown parameters and
where X 0 and Γ are known 2 k−1 qM × 1 column vectors given by
in which Γ α nm , α = 1, 2, . . . , q can be obtained by eq. (7). Using (15), we can write
If
, so according to (18) we have
we can write
where F µ and G ν are, respectively, 2 k−1 qM × 1 and 2 k−1 rM × 1 column vectors of constants defined by 
F αµ nm and for β = 1, 2, . . . , r, G βν nm can be calculated using formula (7). Thus from (15), we find
Now we express the time-varying matrices in (21) in terms of Chebyshev scaling function. So
and
For µ = 1, 2, . . . , V we have
and for ν = 1, 2, . . . , W
Then, as was mentioned in citeiman, we integrate equation (21) from 0 to τ, substitute these definitions and use (13) and (8), findinĝ
Thus
where we let s
From the definition of this wavelet, we see the fact that the time interval [0, 1] is divided into 2 k−1 subintervals. In order to ensure continuity in the obtained states across these subintervals, the following compatibility constraint is added at the interface points (τ ι ) of each subinterval:
for
. We assume that r(t) is in C[0, t f ], so for all α, it is necessary that
and therefore,
Hence the compatibility constraint for the defined state is expressed aŝ
Setting (22) in the performance index (20), we find
As a result
Taking (45), (42) and (41) together, the optimal tracking control problem is transformed into a quadratic programming (QP) problem:
where we set
Our goal is to find χ from solving the latter optimization problem which is static in nature. Standard numerical methods are available to solve this QP problem. Hence we do not need a special program. We can use the quadprog function provided by the optimization toolbox in MATLAB. This toolbox presents widely used algorithms to solve constrained and unconstrained optimization problems. We need to set what MATLAB solver to use with the algorithm field in the optimization options. In this work we use the interior-point-convex algorithm of the quadprog function in MATLAB R2012b; the proposed algorithm provides an accurate solution, and is fast and stable. For more detailed information about handling various cases of plant matrices, constraints and ..., see [9] .
Numerical examples 4.1 Example 1
We are interested in finding the optimal state and control which cause the time-delay systeṁ
to follow the desired state
while minimize the performance index
In case a, we have R = 0.01. We first set k = 2 and M = 5; next, let us identify the required matrices in the present tracking system. Obviously T = 1 2 , Q = 2, B = 2, B 1 = 1. From the findings given in sections 2 and 3 we have
, where 
.blkdiag (Ã 1 1 ,Ã 1 2 ) , where In case b, we have R(t) = 0.01 5t+1 . At first glance solving this problem by the method may not look easy, but it is; in order to do this, by letting R(t) = R Ψ(t), then using (13) and (11), finding a approximation of ℵ is not difficult. Thus, taking k = 2 and M = 8 gives us J * = 0.004968. The optimal state and control, and the reference state are shown in Fig.1 . If we look at the obtained curves, it is obvious that we get a better tracking of the desired state with lower cost in case b. 
Example 2
Consider the system with small delay terms contained in the state and control vectors [14] . The problem involves the minimization of
subjected to the system of delayed differential equations and initial conditions such aṡ
for the case which x(t f = 15) is free and admissible optimal control and states are unbounded. The performance index indicates that the state x 1 (t) is to be kept close to the reference state r 1 (t) = 0.2t and since there is no condition on the state x 2 (t), we let r 2 (t) = 0. After rescaling the time interval by setting τ = t/15, we setx 1 (τ) = x 1 (τ) − 3τ. Thus
0,
By choosing k = 6 and M = 8, formulas (29) and (32) give The optimal value of the cost functional (55) is found to be J * = 16.636902 and a comparison of J * is given in Table 1 . It is clear that the obtained result is in good agreement. For performing a better tracking by the system we have to increase the value of weighting matrix Q such that:
x * (t) and u * (t) for this weighting matrix are plotted in Figs.3(a)-3(b) ; also we get J * = 60.853249. These results mean that when we increase the values of the weighting matrix Q, the state of the new system is able to track the reference state better with lower error, but we have to pay higher cost for larger control effort. Suppose, to achieve a better tracking, that instead of increasing the value of the error weighted matrix Q, we decrease the value of the control weighted matrix R, such as:
This gives J * = 6.0853249, so we get a lower cost while the graphs of x * (t) and u * (t) are exactly the same as those obtained with new Q (Fig.3) . We want on one hand, to keep the new state small and on the other hand, we must not pay higher cost to large controls; this leads us immediately to the conclusion that we have to try various values of the weighting matrix R. 
Example 3
This example studied in [21] . Consider the following optimal tracking problem for a time-delay system:
The problem is to find the optimal states and control for the given time-delay system, which minimizes the quadratic performance index
where y(t) ∈ R is the output of system,ȳ(t) ∈ R is the reference input in which tracked by y(t) and is given by (61), Q = 2 and R = 1. The time-delay and terminal time take different values for the following cases: Case 1. h x = 1, 3, 5, t f = 20, Case 2. h x = 3, 5, 9, 15, 30, t f = 60.
If we set τ = t/t f , then the problem is converted to minimizing
subject to the rescaled equations of (59)- (60), where r(τ) = 0.3e
Using the proposed method, we solve the problem and obtain the results presented in Table 2 . The simulation curves of the obtained optimal states and control, the system output, the reference input, and the output error E(t), where E(t) =ȳ(t) − y(t), in the case h x = 1, t f = 20 are presented in Figs.5(a) and 5(b), respectively. Moreover, the graphs in Fig.6 and Fig.7 show x * (t) and u * (t) for h x = 5, t f = 20 and h x = 5, t f = 60, respectively. Table 2 illustrates the fact that the optimal performance index J * increases when the delay has increased and also value of the terminal time affects the value of the optimal index. For h x = 5, and t f = 20 we get Comparing the obtained curves of the output error and control with those were obtained in [21] , we can see that the convergence rate of the presented method is higher than the convergence rate of the method in [21] ; however like the mentioned method, the proposed approach for systems with different delays and long time-delay is effective. The implementation of the method is very easy and convenient. The new optimal tracker can be successfully applied to the tracking systems regardless of the number of delays, and the number and the types of reference inputs and initial functions. 
Example 4
Consider a non-square multi-input multi-output controllable and observable system (see [22] ) 
with the performance index
where y(t) = 2 0 1 0 0 0 1.5 0 1.2 1 x(t), r(t) = sin(t) cos(t) , x(0) = 0.05 0.05 0.05 0.05 0.05 .
x(t) ∈ R 5 is the state vector, y(t) ∈ R 2 is the output vector, and u(t) ∈ R 2 is the control vector. The problem is to find the optimal states and controls for the time-delay system (64), which minimizes (65).
We define x 6 (t) = 2x 1 (t) + x 3 (t) and x 7 (t) = 1.5x 2 (t) + 1.2x 4 (t) + x 5 (t). Also we set: Q = 10 
Example 5
This example is adopted from [23] . Consider a MIMO systeṁ 
where x(t) ∈ R 4 , y(t) ∈ R 2 , and u(t) ∈ R 3 are the state, output, and control vector, respectively. The initial conditions is x(0) = −0.25 −0.5 0.25 −0.3 . The desired input r(t) = r 1 (t) r 2 (t) is given by
The problem is to find x * (t) and u * (t) which minimizes (68) subject to the system (66) and (67) with the initial conditions and the reference input (69). We choose Q = 10 4 I 2 and R = I 3 .
We can use the proposed algorithm in this problem with two following assumptions:
1. We define x 5 (t) = x 1 (t) + 2x 3 (t) + x 4 (t) and x 6 (t) = −x 1 (t) + x 2 (t) − x 4 (t) − u 2 (t), so the problem is reformulated toẋ(t) = A x(t) + B u(t) + B uu (t), 2. First we set 2x 3 (t) → x 3 (t) then x 2 (t) − u 2 (t) → x 2 (t), therefore the problem is reformulated tȯ
These two assumptions are equivalent, just we have to add (
to Λ 12 and solve the problem. Using the first assumptions we can write
where A and B are defined in (66) and use the compatibility constraint; also for this reason we observe two jumps in the optimal trajectories. Our algorithm implemented in MATLAB solves the problem within 6.436 seconds § and gives 4608 computed parameters with J * = 330.4858. § HP ENVY 15-j013cl Notebook PC
Example 6
Consider a linear time-varying time-delay system described bẏ
This system is to be controlled to minimize the performance index
in order that the state x 1 (t) tracks the desired trajectory r(t), where r(t) ∈ R is r(t) = cos t.
The terminal time is t f = 4. In the following, we consider this optimal control problem with different time delays as case 1 and also with different constraints as case 2; we take:
Case 1:
Case 2: By choosing k = 5 and M = 8, we give the simulation curves of cases 1(c) and 2 in Figs.13 and 16 . In all four cases (Case 2), the given constraints are satisfied and this shows the efficiency and applicability of the proposed method. The comparison which made with the performance indices in each case above are reported in Table 3 . As we see in Fig.16(b) , imposing the given constraints can affect on the system error e(t), e(t) = x * 1 (t) − r(t). Setting g(t) = 0.0625t 2 x * 2 (t) + (−0.05t + 1)x * 3 (t) − u * (t), then Table 4 explains how much the obtained results satisfy the first inequality constraint in case 2(d). 
Conclusion
An alternative method is introduced to find the optimal control, state and performance index of linear time-varying tracking systems with multiple state and input delays. In the proposed procedure, we can easily change the weighting matrices and impose the combined constraints. When we increase the value of the error weighted matrix, then the output is able to track the reference input better with lower output error, but we have to pay higher cost for larger control effort of the designed system. As can be seen, to better tracking we must try various values of the control weighted matrix. The significant disadvantage of this approach lies in the concept of Chebyshev wavelet, since its definition is slightly less sensitive to changes in time-delays. It should be noted that the method has the ability to implement by Legendre wavelets. The new optimal tracker presented by this paper can be successfully applied to the tracking system regardless of the system stability, minimum phase properties, the dimension of the system, equal number of input and output, the number of delays, and the types of desired states and initial functions.
